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Abstract 
In 1986 Peyrat, Rail and Slater established a characterization f graphs G for which the 
diameter of the clique graph d(K) is exactly d(G) + 1. We extend their result by characterizing 
those conditions which lead to all possible values for the radius and diameter of the clique graph 
of G in terms of the corresponding values for G. 
1. Introduction 
The clique graph K of any graph G is the intersection graph of the maximal cliques 
of G. Other graph theory terminology can be found in [1]. We assume all graphs 
are connected. Peyrat et al. [2] characterized those conditions under which d(K) = 
d(G) + 1, where d represents the diameter. Similar results are given here for all 
possible values of the diameter and radius r of K. The distance between vertices vand 
v' in G will be denoted riG(v, v'). A vertex in K and its corresponding clique in G will be 
denoted by the same label, for example, C. The following lemma and its corollaries 
form the basis of all results. 
Lemma. Let C and C' be arbitrary vertices of K with v and v' being arbitrary vertices in 
cliques C and C', respectively, of G. Then dK(C, C') - 1 ~< d~(v, v') ~ dK(C, C') + 1. 
Proof. Let v = Vo,Vl ..... vt = v' be a shortest path joining v and v' in G, and let C~ 
be a clique containing the edge v~_ lvi for 1 ~< i~< t. Then, in K, C is either C1 or 
is adjacent to C1. Similarly C' is C, or adjacent to C,  In any event, 
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dx(C, C') <~ t + 1 = de(v, v') + 1. Now assume C = Co, CI ..... C,  = C' is a shortest 
path in K joining C and C', and, for 1 ~< i ~< m, let vi ~ Ci_l c~ Ci. Then vl,v2 . . . . .  vm is 
a path in G joining v~EC and vm~C'. Therefore, for any v~C and v '~C' ,  
de(v, v') <~ m + 1 = dK(C, C') + 1. [] 
Corollary 1. For any graph G 
(a) d(G) - 1 <~ d(K) <~ d(G) + 1 (originally due to B. Hedman as reported in I-2]), 
and 
(b) r (G) -  1 <~ r(K) <~ r(G) + 1. 
The following corollary is an immediate consequence of the proof of the lemma. 
Corollary 2. I f  dr(C, C') = m, there are vertices v ~ C and v 'e  C' such that 
d6(v, v') = m - 1. 
2. Diameter 
The result of Peyrat et al. is given for completeness. 
Theorem 1. For any graph G, d(K) = d(G) + 1 if and only if there are cliques C and C' 
such that, for all vertices v e C and v' ~ C', de(v, v') = d(G). 
Theorem 2. For any graph G, d(K) = d(G) - 1 if and only if for every pair of  cliques 
C and C' there is a vertex v ~ C and a vertex v' ~ C' such that de(v, v') <<, d(G) - 2. 
Proof. Suppose d(K)= d(G) -1  and C and C' are cliques joined in K by a 
shortest path of length m. By Corollary 2 there are vertices v e C and v 'e  C' of 
distance m - 1 ~< d(K) - 1 = d(G) - 2. For the converse, let C and C' be vertices of 
distance d(K) in K, and let v and v' be vertices of C and C' respectively, for 
which de(v, v') ~ d(G) -  2. By the lemma, dr(C, C') <~ de(v, v') + 1 and gives 
d(K) = dr(C, C') <<. de(v, v') + 1 ~< d(G) - 1, with equality following from 
Corollary 1. [] 
Corollary 3. For any graph G, d(K)  = d(G) if and only if 
(1) for every pair of  cliques C and C' there are vertices v ~ C and v' e C' such that 
de(v, v') <<. d(G) - l, and 
(2) there exist cliques C and C' such that de(v , v') >1 d(G) - 1 for all vertices v e C 
and v' ~ C'. 
3. Radius 
This section contains the corresponding results for radius. 
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Theorem 3. For any graph G, r(K) = r(G) + 1 if and only iffor every clique C there is 
an associated clique C' such that de(v, v') >~ r(G), for all v E C and v' ~ C'. 
Proof. Suppose r(K) = r(G) + 1 and let C be an arbitrary clique of G. Select a clique 
C' such that dr(C, C') is maximum. Then dr(C, C') >~ r(K) = r(G) + 1 and, by the 
lemma, de(v, v') >>, r(G) for all vertices v e C and v' e C'. For the converse, let C be 
a vertex in the center of K, and let C' be a clique for which de(v, v') >>, r(G), for all 
v E C and v' E C'. By Corollary 2, there are vertices v and v' such that r(K) - 1 >1 
d6(v, v') = dr(C, C') - 1 ~> r(G). The result now follows by Corollary 1. [] 
Theorem 4. For any graph G, r(K) = r(G) - 1 if and only if there is a clique C such that 
for every clique C' there exist vertices v ~ C and v' ~ C' with de(v, v') <~ r(G) - 2. 
Proof. Suppose r(K) = r(G) - 1 and let C be any vertex in the center of K. Then for 
any other vertex C' of K, dr(C, C') ~< r(K) = r(G) - 1. By Corollary 2, there are 
vertices v ~ C and v' e C' such that de(v, v') <~ r(G) - 2. Conversely, let C be a clique 
of G having the property that for any other clique C' there exist vertices v ~ C and 
v' ~ C' such that de(v, v') ~ r(G) - 2. Select C' such that dr(C, C') is maximum. It 
follows from the lemma that r(K) <~ dr(C, C') <~ r(G) - l, and the result follows from 
Corollary 1. [] 
Corollary 4. For any graph G, r(K) = r(G) if and only if 
(1) there is a clique C such that for any other clique C' there are vertices v e C and 
v' e C' such that de(v, v') ~ r(G) - l, and 
(2) for every clique C there is an associated clique C' such that, for all vertices v e C 
and v' e C', de(v, v') ~ r(G) - 1. 
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